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LOCAL ISOMETRIC IMMERSIONS OF PSEUDO-SPHERICAL SURFACES
AND k-TH ORDER EVOLUTION EQUATIONS

NABIL KAHOUADJI, NIKY KAMRAN AND KETI TENENBLAT

ABsTrRACT. We consider the class of evolution equations that describe pseudo-spherical
surfaces of the form us = F(u, du/dz, ..., 0%u/dz*), k > 2 classified by Chern-Tenenblat. This
class of equations is characterized by the property that to each solution of a differential equation
within this class, there corresponds a 2-dimensional Riemannian metric of curvature -1.
We investigate the following problem: given such a metric, is there a local isometric immersion
in R3 such that the coefficients of the second fundamental form of the surface depend on a
jet of finite order of u? By extending our previous result for second order evolution equation
to k-th order equations, we prove that there is only one type of equations that admit such an
isometric immersion. We prove that the coefficients of the second fundamental forms of the local
isometric immersion determined by the solutions w are universal, i.e., they are independent
of u. Moreover, we show that there exists a foliation of the domain of the parameters of the
surface by straight lines with the property that the mean curvature of the surface is constant
along the images of these straight lines under the isometric immersion.
Keywords: evolution equations; pseudo-spherical surfaces; isometric immersions.
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1. INTRODUCTION

This paper is the third in a series [14, 15| in which we consider the special properties of the
local isometric immersions into three-dimensional Euclidean space E3 of the metrics of constant
negative Gaussian curvature K = —1 associated to the solutions u of evolution equations

k
L TR A0} 1)

x x
describing pseudo-spherical surfaces. For reasons that will be explained below, our main interest
lies in determining evolution equations (1) for which the components of the second fundamental
form of the local isometric immersion depend on u and finitely many of its derivatives only, in

other words on a jet of finite order of w.
Recall following Chern and Tenenblat [8] that a partial differential equation

Ou Ou oku
e i) <O @

belongs to the class of differential equations describing pseudo-spherical surfaces if there exist
1-forms

A (t,x,u

w' = fadz + fipdt, 1<i<3, (3)

where the coefficients f;;, 1 <i < 3,1 < j <2, are smooth functions of ¢, 2, u and finitely many
derivatives of u with respect to ¢ and x, such that the structure equations

dw! =wi Aw?, dw? =Wl AW?, dwd =w! Aw? £0, (4)
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for a metric of constant Gaussian curvature K = —1 hold if, and only if, u is a solution of (2). In
this case every smooth solution u : U C R? — R of an equation (2) describing pseudo-spherical
surfaces defines on U a Riemannian metric

ds® = (w')? + (w*)?, (5)
of constant Gaussian curvature K = —1, with w? being the Levi-Civita connection 1-form of the
metric (5).

An important motivation for the question investigated in this paper comes from the special
properties of the sine-Gordon equation

Uty = Sinu, (6)

whose well-known integrability properties can be completely accounted for through the
perspective of the general theory developed by Chern and Tenenblat. First, it is straightforward
to check that the 1-forms

1 1
w; = —sinudt, ws =ndr+ —cosudt, ws=u,;dx. (7)
n n

satisfy the structure equations (4) whenever u is a solution of the sine-Gordon equation (6). The
non-zero real parameter 7 appearing in (7) is directly related to the existence of a one-parameter
family of Bécklund transformation and the existence of infinitely many conservation laws for the
sine-Gordon equation. It is thus a key ingredient in the solution of the sine-Gordon equation by
the method of inverse scattering. More generally one may consider the general class of partial
differential equations describing pseudo-spherical surfaces with the special property that one of
the components fij can be chosen to be a continuous parameter. Such equations are said to
describe n pseudo-spherical surfaces. The evolution equations (1) describing n pseudo-spherical
surfaces have been completely classified by Chern and Tenenblat in [§], whenever fo; = 7, F
and f;; depend on w and finitely many derivatives of u with respect to ¢ and x. Any differential
equation describing 1 pseudo-spherical surfaces is the integrability condition of a linear system
of the form

1 1
dv' = 5(oug v+ (w1 —w3)v?),  dv® = 5((wl + w3) vt —wav?),

which may be used to solve the given differential equation by the method of inverse scattering [1],
with 7 playing the role of the spectral parameter for the scattering problem. It is also shown in [7]
that one can generate infinite sequences of conservation laws for the class of differential equations
describing 7 pseudo-spherical surfaces by making use of the structure equations (4), although
some of these conservation laws may end up being non-local. Important further developments of
these ideas around this theme can be found in [3], [4], [6], [10]-[13], [16]-[25].

We should also remark at this stage that given a differential equation describing pseudo-
spherical surfaces, the choice of 1-forms satisfying the structure equations (4) is generally not
unique. For example the 1-forms given by

w1 = COS g(dsc +dt), wy =sin %(dm —dt), ws=—dr— —dt, (8)

which are different from the 1-forms given in (7), will also satisfy the structure equations (4)
whenever u is a solution of the sine-Gordon equation (6).

Starting with [14], we have initiated the study of differential equations describing pseudo-
spherical surfaces from an extrinsic perspective, in which we focus on the properties of the
local isometric immersions of the metrics (5) associated to the solutions of the equations. It
is indeed a classical result that any metric (5) of constant negative scalar curvature can be
locally isometrically immersed in 2. For the metrics defined by solutions u : U € R? — R of
equations describing pseudo-spherical surfaces, it is thus natural to ask in view of the integrability
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properties enjoyed by this class of equations if the second fundamental form of the immersion
can be expressed in a simple way in terms of the solution u. This turns out to be effectively
the case for the sine-Gordon equation (6). Indeed let us first recall the components a, b, ¢ of the
second fundamental form of a local isometric immersion of a pseudo-spherical surface into E3 are
defined by the relations

W13:GW1+bWQ, w23:bwl+CWQ,
where the 1-forms wq3,ws3 satisfy the structure equations

dwiz = w1z Awaz, dwaz = wa1 Awis,
equivalent to the Codazzi equations, and the Gauss equation, given by

ac—b* = —1,

for a pseudo-spherical surface. For the sine-Gordon equation, with the choice of 1-forms wy,ws
and w3 = w12 given by (8), the 1-forms w;s,wss are easily computed to be

w13 = sin %(dm + dt) = tan gwl, Wag = — COS %(dm —dt) = —cot gwg.

We thus observe the remarkable property that the components a, b, ¢ of the second fundamental
form depend only on u through some simple, closed-form expressions. It would therefore not be
unreasonable to expect a similar property to hold for all equations describing pseudo-spherical
surfaces, where the requirement could be relaxed by allowing the coefficients a, b.c of the second
fundamental form to depend on w and finitely many of its derivatives. In [14, 15], we began
to investigate the class of differential equations describing pseudo-spherical surfaces from this
extrinsic perspective. Thus in [14], we proved that for second-order equations of the form

ou ( ou 82u)
(g 2= 2
ot "0z’ Bx2”’
and
0%u ou
- (uv 7)a
Ox0t ox
describing 7 pseudo-spherical surfaces, the only equations for which a, b, ¢ will depend on w and
finitely many derivatives of u are given by the sine-Gordon equation (6), and evolution equations
of the form

ou 1 0%u ou
i m(ﬁg%@ﬂLﬁz,u%?(ﬂﬁl —nfi2)), 9)

where fi1,, # 0 and f12,% = 0, where in the latter case the components a, b, ¢ of the second
fundamental form are universal functions of z,t, independent of u. Results of a similar nature
were obtained in [2] for third-order equations of the form

Ou  u_ )\u@ +G(u,%, @).

ot 0x20t Ox3 Ox’ Ox?
and in [5] for a class of second order evolution equations of type

o ou ou

and for k-th order evolution equations in conservation law form.

In [15], the same question was considered for the evolution equations (1) of order k£ > 3
classified in [8], where we proved as a first result that the a, b, ¢ are again necessarily universal
functions of x,t, independent of w. Our purpose in the present paper is to complete this analysis
by determining the analogue of the form (9) for k-th order evolution equations (1). We now state
our main result:
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Theorem 1. Ezcept for k-th order evolution equations of the form

k-1 ,
ou 1 oty
Fri fll,u(;f12’8iu/axi oL T (Bf11 — nfi2)), k>2, (10)

where fi1.4 # 0 and Jio 0F=1u £ 0, there exists no k-th order evolution equation of order k > 2

describing n pseudo-spherical surfaces, with 1-forms (3) given as in [8], with the property that
the coefficients of the second fundamental forms of the local isometric immersions of the surfaces
associated to the solutions u of the equation depend on a jet of finite order of u. Moreover, the
coefficients of the second fundamental forms of the local isometric immersions of the surfaces
determined by the solutions u of (10) are universal, i.e., they are universal functions of nx + Bt,
independent of u.

This theorem provides further evidence the special place that the sine-Gordon equation
appears to occupy amongst all integrable equations from the perspective provided by the theory
of differential equations describing 7 pseudo-spherical surfaces.

We point out that the universal coefficients of the second fundamental forms of the isometric
immersions mentioned in Theorem 1 are explicitly given in Proposition 1. We now prove a
consequence of our main result.

Corollary 1. For each solution u of an equation of type (10), there exists a foliation of the
domain of u by straight lines with the property that when the metric of constant negative Gaussian
curvature K = —1 associated to u through (5) is locally isometrically immersed as a surface
S C E3, the mean curvature of S is constant along the curves defined by the images under the
immersion of the lines of this foliation.

Proof. For each solution u of any equation of type (10), the associated 1-forms (3) define a metric
with Gaussian curvature K = —1. It follows from Theorem 1 that a local isometric immersion of
such a metric into R? is determined by the coefficients of the second fundamental form, which
are functions of nx + Bt. Now consider (z,t) € R? such that the straight line nx + 8t = 4,
6 € R is contained in the domain of definition of the immersion. The domain is foliated by such
straight lines. For each ¢, the image of the straight line is a curve in the surface. Along this curve
the coefficients of the second fundamental form are constants determined by §. Since the mean
curvature H of the surface is given by the trace of the second fundamental form, it follows that
H is constant along any such curve. O

Before proving Theorem 1, we observe that a similar result on the mean curvature of the
immersed surface also holds for the main results obtained in [14] and [2]. In fact, the arguments
are the same as those used in the proof of the Corollary above.

2. PROOF OF THEOREM 1

The proof of Theorem 1 is based on an order analysis of the Codazzi and Gauss equations
that govern the local isometric immersions of pseudo-spherical surfaces in E3, considering in turn
each branch of the Chern-Tenenblat classification of k-th order evolution equations describing 7
pseudo-spherical surfaces [8]. In order to carry out this analysis, one should first express these
equations in terms of the components f;; of the 1-forms that appear in the formulation of the
problem. These conditions have already been worked out in [14, 15]; the Codazzi equations read

f11DtCL =+ fngtb — flgDma — ngDzb — 2bA13 =+ (CL — C)A23 =0, (11)
Ju1Db + fo1Dic — fraDgb — faaDyc+ (a — ¢)Arg + 20As3 = 0, (12)



LOCAL ISOMETRIC IMMERSIONS OF n P.S.S. AND k-TH ORDER EVOLUTION EQUATIONS 5

where

Ayg = fiifor — forfiz; Az = fiifao — farfizs Doz = fo1f32 — f31foe,

and where the operators D; and D, are total derivative operators, while the Gauss equation is
given by
ac—b* = —1. (13)
In the case of a differential equation describing 7 pseudo-spherical surfaces (with fo; = 1),
the structure equations (4) are equivalent to

Dy fi1 — Dy f12 = Aas,
Dy faa = Aqs,
Dy f31 — Dy f3o = —Aq2,

where D; and D, are the total derivative operators and

Avg = fiifoo —nfi2 #0,  Aiz:= firfao — fa1fiz, Aoz =nfse — f31f20.

We shall use the notation 4
J'u
oz’
introduced in [8] to denote the derivatives of u with respect to « and write the evolution equation
(1) as

Zi = Ugi = 0<i<k,

204 = F(z0,21,...,2k).
We will thus think of (¢,z, zo, ..., 2k) as local coordinates on an open set of the submanifold of
the jet space J*(R2,R) defined by the differential equation (1). We will use the following lemma

from [8] which expresses the necessary and sufficient conditions for the structure equations (4)
to hold:

Lemma 1. [8] Let (1) be a k-th order evolution equation describing n pseudo-spherical surfaces,
with associated 1-forms (3) such that fo1 = 1. Then necessary and sufficient conditions for the
structure equations (4) to hold are given by

fll,zk == fll,z1 =0, foa=mn, f31,zk == f31,zl =0, (14)
fi2,20 =0, for = fo2.2, ., =0, fa2., =0, (15)
f121,zo =+ fi?l,zo 7é 0’ (16)
k—1
fiizF = Z f12,z:2i41 + nf32 — f31f22, (17)
i=0
k—2
Z fo2,2;2i41 = fi1f32 — fa1f12, (18)
i=0
k—1
f31,20F = Z f32,2;zi41 + 1f12 — fi1foo, (19)
i=0
and
f11fa2 = nfi2 #0. (20)

As stated in the Introduction, Theorem 1 states that the k-th order evolution equation of
type (1) describing n pseudo-spherical surfaces are divided into two categories when viewed from
the perspective of the local isometric immersions of pseudo-spherical metrics defined by their
solutions: either the coefficients of the second fundamental forms are universal functions of x and
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t, independent u, or the coefficients of the second fundamental form depend of a jet of infinite
order of u. In order to prove our theorem, we shall make use of the classification results for k-th
order evolution equations describing 7 pseudo-spherical surfaces given in Theorems 2.2, 2.3, 2.4
and 2.5 in [8]. These theorems considered five groups of equations, summarized and reorganized
below, according to the properties of the following functions first introduced in [§]

H = fiifirz — faifsrz, L = fiifsi,ze — f31.f11,20)
Remark 1. A k-th order evolution equation zy; = F(2o, ..., 2) describing n pseudo-spherical
surfaces with associated 1-forms w; = fiidx + fiodt,1 < @ < 3, where f;;,1 < j < 2 satisfy
(14)-(20), is in one of the following five groups:
I: L =0with f3; = Afi1 # 0, A2 —1 = 0. In this case, f22 does not depend on z;, 0 < i < k
and f32 = /\flg.
II: L =0 with f31 = Afll # 0, A2 —1 # 0. In this case, f2272k—2 =0.
III: L=0and H #0,ie., fi1 =0and f31,, # 0 or f33 =0 and fi1,., #0.
IV: L#0and H =0, i.e., f3 — f&, =C #£0.
V: HL 0.
We observe that equations of Groups I and II were treated in Theorem 2.4 (a) and (b) in [§]
respectively and equations of Groups III, IV and V were treated in Theorems 2.3, 2.5 and 2.2
in [8] respectively.
If the coefficients a, b, ¢ of the 1-forms wy3 and wo3 depend of a jet of finite order of u = zg,
that is a, b, ¢ are functions of x,t, 2q, . . ., 2; for some finite [, then (11) and (12) become
1
fria; 4 nby — fr2az — faobe — 20015 + (0 — €) Doz — ¥ _(fraaz, + faabz)ziga
i=0
l
+ Z(fllazi + ani)Zi,t =0,
=0
and
1
fi1be +nee — frabe — fascy + (@ — ¢) A1z + 2bAs3 — Z(fmbzi + fa2cz,)zi1
i=0
l
+ Z(fnbzi +nes,)zi = 0.
i=0
In [15], we showed that if the coefficients of the second fundamental form a,b and ¢ depend
on a jet of finite order of u = z¢, then a,b and ¢ are universal, that is I = 0 and a, b and ¢ depend
at most on z and ¢ only. Therefore, equations (11) and (12) become

fira +nby — fr2a, — fooby — 2b(f11f32 — f31f12) + (@ — ) (nfa2 — fa1f22) =0, (21)
fi1be +nee — frabe — faacy + (@ — ¢)(fi1fas2 — f31.f12) +20(nf32 — f31f22) =0, (22)

where a,, b;, ¢, are the partial derivatives of a, b, ¢ with respect to z, and ay, b;, ¢; are the partial
derivatives of a, b, c with respect to t.

We now consider in turn all the cases listed in Remark 1 and state the conclusion for each
case in the form of a proposition. The first proposition pertains to evolution equations in item I
of Remark 1.

Proposition 1. Let

ou 1 oty
i K(Zflzaiu/azi " g T (B - nf12)), (23)

=0
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where fi1,4 # 0 and f,, ox-1, 7 0, be a k-th order evolution equation, k > 2, which describes n
Vozk—1

pseudo-spherical surfaces‘with 1-forms w; as in [8]. There exists a local isometric immersion in
R? of a pseudo-spherical surface, determined by a solution u, for which the coefficients a,b,c of
the second fundamental form depend on a jet of finite order of u if, and only if, the coefficients
are universal and are given by

a = \/leiZ('r]:c+,8t) — 72@i4(77$+/8t) -1, (24)

— ,yezl:2(nz+5t)’ (25)
2 ,+4(nz+pt) _ 1

. - e (26)

\/lezl:2(77:n+ﬁt) _ 726:|:4(77x+ﬁt) _ 17

I,y €R, 1 >0 and 1> > 4y2. The 1-forms are defined on a strip of R where

1 —/12 =472 <a I+ /12 — 472 (27)
272 2,),2 :

Moreover, the constants | and v have to be chosen so that the strip intersects the domain of the
solution of the evolution equation.

log (nz + Bt) < log

Proof. For evolution equations of type I, we have f31 = £fi1, fso = £fi2, fi1,20 # 0, fi2,2,_, # 0

and the equation is given by (23). Moreover, fos = 3 is independent of zy, ..., zx. Equations (21)
and (22) become

fiiae + by — frzaz — Bby F (a — ¢)(Bf11 — nfi2) =0, (28)

J11be +nee — fizby — Bee F 20(Bf11 — nfi2) = 0. (29)

Since k > 2, differentiating the latter two equations with respect to z;_; leads to

_f12,zk_1ax :t (a’ - C)nle,Zk_l = 07
—fi2,24_1 b2 £20f12.2, , = 0.
Note that fi2 ., , # 0 by hypothesis, which means that these equations simplify to

4 F (o — ) =0, (30)
by F 20b = 0. (31)
Taking into account (30) and (31), equations (28) and (29) become
fiiae +nby — Bby F (a —¢)Bf11 =0, (32)
fiibe +nee — fea F 20811 = 0. (33)
Differentiating (32) and (33) with respect to zg, with f11 ., # 0, leads to
a; F fla—c) =0, (34)
by F 28b = 0, (35)
and hence, (32) and (33) become
nby — by =0, (36)
nee — Beg = 0. (37)
Note that (30) and (34) imply
nay — Pfay = 0.

From (31) and (35), we conclude that
b=et2e B o e R, (38)
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Note that a # 0. Otherwise, if a = 0, then (30) implies that ¢ = 0 and the Gauss equation leads
to b = +1 which contradicts (31). Therefore, from the Gauss equation we have
c=0*—-1a " (39)
Then, in view of (38), equations (30) and (34) reduce to
aa, F1(a® — 2N 1) = 0,
aa; F B(a? — 42448 L1y = .

The latter system leads then to

a = \/1612(n$+ﬁt) _ 726i4(nw+,8t) -1, [€R,
which is defined wherever le®2(12+58) _ 42e+4(n2+6t) _ 1 > (. Hence | > 0 and
[ — \/12 _4’}/2 < ei2(nl+6t) < l+ \/l2 _4’}/2
2~2 22 ’
i.e., a is defined on the strip described by (27). Now, from (39), we obtain
72e:t4(nm+[3t) -1

€= V1eF202+5t) _ o2eEA(na+5t) 1

A straightforward computation shows that the converse holds. Finally, we observe that given a
solution of the evolution equation, in order to have an immersion, one has to choose the constants
I and ~, such that the strip (27) intersects the domain of the solution in R?. O

Next, we consider the evolution equations covered in item II of Remark 1.

Proposition 2. For k-th evolution equations, k > 2, describing n pseudo-spherical surfaces with
associated 1-forms w' = fiidx + fiodt, 1 < i < 3, where fs; = Af11 # 0, and \?> # 1, the system
of equations (11), (12) and (18) is inconsistent.

Proof. When f3; = Af11 # 0, with A\? # 1, the structure equations (17), (18) and (19) can be
rewritten as
k—1

fi1,20F = Z J12,2,2i41 + 1 f32 — Af11fa2, (40)
i=0
k—2
Z fo2,z:2i41 = f11(fa2 — Afi2), (41)
i=0
k—1
Afi1,20F = Z f32,2:%i41 + nf12 — firfo2 = 0. (42)
i=0

Differentiating (40) with respect to zi leads to fi1,.,F%, = fi12,2,_,- Because fi1 ., # 0 (otherwise
(16) would fail) and F}, # 0 (otherwise F' is not a k-th order evolution equation), we conclude
that f12,5,_, # 0. Subtracting A times equation (40) from (42) leads to

k—1

Z(fsz,zi — Mi2.2:)zit1 +0(fiz — Mfa2) + (A2 = 1) f11 foe = 0. (43)

i=0
Differentiating the latter with respect to z; leads to

f32,2k_1 - )\f12,zk_1 = 0 (44)
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Since k > 2, differentiating equation (41) with respect to z;_1 and taking into account (44)
leads to

f22,2k,2 = 0' (45)
Differentiating (43) with respect to zx_; leads to
fo2.z 0 = M2,z T 0(f12.200 — Mfs2,z,) = 0. (46)

Substituting fs2 ., _, by Afiz,,_,, which is just equation (44), equation (46) becomes
Fs2,20 0 = M2z, =N = 1) fi2z, ;.

Because neither of , A> — 1 and fi2, , is zero, we conclude that when f3; = Af11 # 0 and
A2 £ 1, we have

f32,21_0 — Af12,20_5 7 0. (47)

Consider now equations (21) and (22), which can be written as follows:
frras + by — fioag — faoby — 2bf11(f32 — Af12) + (a — ¢)(nfs2 — Afi1fa2) =0, (48)
fiibe +nee — froby — fascy + (a — ¢) fr1(fz2 — Afi2) +2b6(nfa2 — Afi1f22) = 0. (49)

Differentiating (48) and (49) with respect to z;_; and taking into account (45) leads to

—f12,20_1 02 — 2bf11(f32,2_, — AMf12,2,,) + (@ = e)nfa2,z,_, =0,
—f12.2 102 — 2bf11(f32.2, 1, — Afi2,2, 1) +20nf32.2, , = 0.
Taking into account (44) and the fact that fi2 ., , # 0, these two equations reduce to
a; = (a —c)nA,
by = 2bmA.
Substituting the latter two equations in (48) and (49) leads

frrag +nby — fiznA(a — ¢) — faanA2b — 2bf11(f32 — Af12) + (a — ) (nfs2 — Af11f22) =0,
fribe + nee — franA2b — fascy + (@ — ¢) fr1(fz2 — Afi2) + 2b(nfa2 — Afi1fa2) = 0.

If £ > 3, differentiating these two equations with respect to zp_o leads to

—f12,5 onAa —¢) = 2bf11(f32,2,» — Af12,5 5) + (@ — )nfs2,2, , =0,
_f1272k—277>\2b =+ (a - C)fll(f32,zk72 - >‘f12,2k72) + 2b77f327zk—2 = 07

which can be rewritten as

(fa2,21_0 — AM12,205)((a — c)n — 2bf11) = 0,
(f32,20_0 — AM12,20 ) ((@ — €) f11 + 2b7).

Since from (47), f32,2, », — Af12.2,_, # 0, we can rewrite the two equations in matrix form as

follows
n —fu a=c\ _,
f11 7’] 2b ’

Since fi1 ., # 0, the determinant f3 + n* # 0, and hence a — ¢ = b = 0. The latter contradicts
the Gauss equation (13).

When k = 2, the proof of this proposition was given in [14]. Therefore, we conclude that
when f31 = Afi1 # 0, A2 # 1 for any k > 2, the system of equations (11), (12) and (13) is
inconsistent. g

The following Proposition is concerned with the evolution equations covered by item III of
Remark 1.
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Proposition 3. For k-th evolution equations, k > 2, describing n pseudo-spherical surfaces with
associated 1-forms w' = finde + fiodt, 1 < i < 3, where either fi; =0 or f31 = 0, the system of
equations (11), (12) and (13) is inconsistent.

Proof. i) When f1; = 0, the structure equations (17), (18) and (19) can be rewritten as follows:

k=1
Z f12,z:2i41 = —0f32 + f31f22, (50)
i=0
k—2
Zf12,zizi+1 = —f31.f12, (51)
i=0
k=1
fa1.:0F = fa2.2701 + nfra. (52)
i=0

Differentiating (50) with respect to zj leads to fiz., , = 0.
Since k > 2, differentiating (51) with respect to zp_1, leads to fas ., , = 0. Differentiating
(52) with respect to z leads to

31,2082, = f32,2,_,-

On one hand, F,, # 0 because the evolution equation F' is of order k. On the other hand,
fa1,2, # 0, otherwise (16) is not satisfied. We conclude then that

f32,2k—1 7é 0.
Equations (21) and (22) become

nbe — fi2az — faabe +2bf31f12 + (@ — ¢)(nfs2 — f31f22) =0
ney — fi2by — fazce — (@ —¢) fa1 fr2 + 20(nfs2 — fa1fa2) =0

Differentiating the latter two equations with respect to z;_1 leads to

(a - C)nf32,zk,1 = 07
2b77f32,zk71 = 07

and since f3z ., , # 0, we conclude that a—c = b = 0, which contradicts the Gauss equation (13).
Therefore, for any k > 2, when fi; = 0, the system of equations (11), (12) and (13) is inconsistent.

ii) When f3; = 0, the structure equations (17), (18) and (19) can be rewritten as follows:

k—1
fi1,20F = Z f12,2:2i41 + 1 f32, (53)
=0
k—2
Z f12,2,2i41 = fi1f32, (54)
i=0
k—1
Z f32,2,7i41 = f11f22 — nfi2. (55)
i=0

Differentiating (55) with respect to zj leads to fs2.,_, = 0.
Since k > 2, differentiating (54) with respect to zi_1 leads to faz,., , = 0. Differentiating (53)
with respect to z; leads to

fll,zo-Fz;c = f12,zk_1-
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On one hand, F,, # 0 because the evolution equation F' is of order k. On the other hand,
f11,20 # 0, otherwise (16) is not satisfied. We conclude then that

J12,2,, # 0. (56)
Equations (21) and (22) become
fiiae +nby — fr2az — faobs — 2bf11f32 + (@ — ¢)nfz2 =0, (57)
f11be + ey — frabe — fazer + (a — ¢) f11fa2 + 20 f32 = 0. (58)
Differentiating (57) and (58) with respect to z;_1 and taking into account (56) leads to
az; =b, =0
With (56), equations (57) and (58) become
firae +nbe — 2bf11 f32 + (a — c)nfz2 =0, (59)
fiibe +nee — fazes + (@ — ) fi1 fz2 + 201 f32 = 0. (60)

Taking into account the fact that f32 ., , = 0, and then differentiating (55) with respect to z;_1
leads to

J32,20—0 = —Nf12,2_,
and because neither i nor fis ., , vanishes, we have

f3272k—2 5& 0.

If k > 3, differentiating then (59) and (60) with respect to zx_o, then dividing by fs2 ., .,
and rewriting the two equations in matrix form, leads to

(2 )(5)-
f11 ’I] 2b B

Since fi1.z, # 0, the determinant fZ + n? # 0, and hence a — ¢ = b = 0, which contradicts the
Gauss equation (13).

If k = 2, the proof of this proposition was given in [14]. Therefore, we conclude that for any
k > 2, when f3; = 0, the system of equations (11), (12) and (13) is inconsistent. O

Next, we consider the evolution equations in item IV of Remark 1.

Proposition 4. For k-th order evolution equations, k > 2, describing n pseudo-spherical surfaces
with associated 1-forms w' = firdx + fiadt, 1 < i < 3, where f3, — f3 = C # 0, the system of
equations (11), (12) and (13) is inconsistent.

Proof. When f2, — f, = C # 0, then H = 0 and L # 0. We consider the structure equations
(17), (18) and (19). On one hand, subtracting f3; times (19) from f1; times (17), and taking into
account that H = 0, leads to

k—1

Z(fllle,zi — f31f32,2; ) Zi41 + 0(f11f32 — fa1 fi2) = HF = 0.

i=0
Differentiating the latter with respect to z; leads to

fiifiz,zn 1 — f31f32,2, ., = 0. (61)
On the other hand, subtracting f3; times (17) from fi1; times (19) leads to

k—1

LF = Z(fnf:sz,zi — farfiz,z,)zier + 0(fiifiz — f31f32) + Cfar #0.

i=0
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Differentiating the latter with respect to z; leads to

Lsz = f11f32,zk,,1 - f31f12,zk,1~
Note that because neither of L and F}, is zero, we have

Ji1f32,2 4 — fa1f12,2 . # 0. (62)
Observe that since f2; — f2 = C # 0, we conclude that fi; # 0 and f3; # 0. In fact, otherwise
if fi1 = 0, then f3; = C, which contradicts (16). Similarly, one shows that f3; # 0. From (61)
and (62), we then conclude that fio,, , # 0, and fs2,, , # 0. Indeed, if f12.,_, = 0 (resp.
f32,2,_, = 0) then it follows from (61) that fsz ., , = 0 (resp. fi2,,_, = 0) which contradicts
(62). We conclude then from (61) that
Su _ fsea
fSl f12,zk,1 .
In light of the above analysis, let’s consider (21) and (22). Since k > 2, differentiating (21)
and (22) with respect to z;_1, and then dividing by fi2.,, , # 0, leads to

(63)

32,201 fi1fs2,2, 1 — f31 12,20 4
a; = (a—c)n —2b
f12,zk_1 f12,zk_1
by = (a—0) fi1f32,2e 0 — f31f12,211 n 2b77f3272k71
f12,zk,1 le,zk,l

Taking into account (63) and f3, — f4 = C, these equations reduce to

Ji1 C

ay = (a —c)n"— + 2b—,
e 2

c fi1
by = —(a—c)— + 2bn—.
=g g,

Differentiating the latter two equations with respect to zg leads to
—nL(a —¢) — Cfs1,,2b =0,
Cfs1,5,(a—c) —nL2b =0,

which in matrix form become

—nL —Cf31,2 a—c '\ _ 0
C f31,2 —nL 2b -

Because neither 1, C, fs31., and L is zero, the determinant n?L? + sz??l,zo # 0, and hence
a — ¢ = b =0, which contradicts the Gauss equation (13). Therefore, we conclude that for any
k> 2, when f3, — f3 = C # 0, the system of equations (11), (12) and (13) is inconsistent. [J

Finally, we have the following similar result for the evolution equations in item V of Remark
1.

Proposition 5. For k-th order evolution equations, k > 2, describing n pseudo-spherical surfaces
of type (1), with associated 1-forms w® = fidx + fiodt, 1 < i < 3, where HL # 0, the system of
equations (11), (12) and (13) is inconsistent.

Proof. We consider the structure equations (17), (18) and (19 ). We are assuming that HL # 0,

where H = fi1fi1,20 — f31f31,2 and L = fi1f312, — f31f11,2, hence fi1; # 0 and f3; # 0.
Subtracting fs; times (19) from fi; times (17) leads to

k—1

HF = Z(fufu,zi — f31f32,2)2i41 + n(f11fa2 — fa1f12), (64)

=0
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while subtracting f3; times (17) from f1; times (19) leads to

k-1
LF = Z(fllfsz,zi = faufizz)zivn + (f = fi) faz + 0(fiafrz = fo fz)- (65)
i=0

Differentiating (64) and (65) with respect to z; leads to

Jufi2,e 0 — f31 /32,2, = HF,
fi1fs2,z_0 — fa1fiz,z_, = LE:,,

and since neither of H, L and F, is zero, we have

Jufiz,e, = fa1fs2,2,, # 0, (66)
Ji1f32,20 4 — fa1f12,2 ., # 0. (67)
Since k > 2, differentiating (18) with respect to zx_1 leads to
fi1f32,z 0 — fa1fi2,2 0 = fo2,0 s, (68)
and hence
f22,2, , # 0. (69)

Note that when HL # 0, it follows from (64) and (65) that the expression of F' can be written
in two equivalent ways:

k—1
F:Zf11f12,zi_f31f32,zizl 1+77f11f32_f31f12,

, H ” H
1=0

k—1
f11f32.z- _f31f12 Zi (f321_f121)f22 f11f12_f31f32
F: 1~ 1~ Z .
g L it L tn L

Subtracting the last two equations leads then to

k—1
(fllle,zi — fa1f32,s Jiifs2,z — f31f12,z,,-)
>

. H L
=0

+ f11f32 - fSlle _ f11f12 - f31f32 _ (f??l - f121)f22
" H L L

=0.

Differentiating this equation with respect to zj leads to

L(firfizzn: — fo1fs2,zy) — H(f11 32,20, — f31f12,2,_,) = 0.

Substituting the expressions of H and L in the latter, and after simplifying the expression, leads
to

(f321 - f121)(f11,zof32,zk_1 - f31,zof12,zk_1) =0.

Note that f% — f# is not a constant, otherwise H = 0. We conclude then that

fll,zof32,zk,1 - f31,zof12,zk,1 =0. (71)

Note also that fi1 ., and fs1 ,, cannot vanish simultaneously, otherwise (16) is not satisfied.
Moreover, fi2., , and fsa ., , cannot simultaneously vanish, otherwise F' is not a k-th order
evolution equation. Moreover, (17) and (19) imply that fi; ., # 0 if, and only if, fi2,,_, # 0
and f31,,, # 0 if, and only if, f32 ., , # 0. Therefore, if f11 ., = 0 then fio ., , =0, f31,.,, #0
and f32,2k—1 # 0. Similarly, if f31,20 = 0, then f32,2k—1 =0, fll,zo # 0 and f31,zk_1 #0.
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We now consider equations (21) and (22). Differentiating these equations with respect to z;_1
leads to

le,Zk_1a’$ = (a - C)nf?;?,zk_l - 2b(f11f32,2k_1 - f31f12,2k_1)7 (72)
J12,20 102 = (a — ) (f11f32,20 1 — f31S12,20 1) + 200 f32 2, - (73)
If fi2.., , =0, then fss ., , # 0, and the system of equations (72) and (73) becomes

n —fu a—c\ _
(A ) (%) -e

The determinant n? + f2 # 0, and hence a — ¢ = b = 0, which runs into a contradiction with
the Gauss equation (13).

If fi2.., , # 0, then the system of equations (72) and (73) can be rewritten as follows:
) f32,zk,1

Ay = (a —c)n Qbf11f3272k71 - f31f12,zk,1

f12,zk_1 f12,zk_1
f11f32,zk,1 - f31f12,zk,1

f12,zk,1

; (74)

f32,zk,1

b = (=) fra
1Zk—1

+ 2bn

From (71) and the assumption fia,, , # 0, we have
f3272k—1 _ f31,z0
f12,zk,1 fll,z()

Substituting the latter in (74) and (75) leads to

f31,20 9 L 7
fll,zo fll,zo

L f31 z
+2b =0 7
J11,2 nfn,zo ™
Differentiating the latter two equations with respect to zy leads to
< n(fSl,Zo/fll,Zo)Zo _(L/fll,zo)zo > ( a—c ) =0.
(L/flLZo)Zo n(fBLZo/fll,zo)ZO 2b

The determinant n?(f31,2,/ f11,20) %, +(L/ f11,2)2, = 0. Otherwise, a—c = b = 0, which runs into a
contradiction with the Gauss equation (13). Threfore, (f31,2/f11,20)2 = 0, and (L/ f11,29)z, = O-
Note that the vanishing of (f31,2,/f11,20)2, Mmeans that

fa1 =711+ n, (78)

where v and p are constants. We have then

@ = (a— o

by = (a—¢)

f3272k—1 _ f31,z0 _
f1272k—1 fll,zo

and hence
J32 = Afiz v, (79)
where v depends on 2y, ..., zz_2. Note that (67) and fi2,, , 7 0 means that 4 # 0. This fact can
also be obtained from the non-vanishing of
L= —pfirz #0. (50)
In light of (78), (79) and (80), equations (76) and (77) become
a; = (a — c)ny + 2by,
by = —(a — c)p + 2bny.
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We have also

Jiifs2 = fs1frz = v — pho,
nfs2 — f31fa2 = nyfi2 + v — v fi1fe2 — pfoe.
Substituting the last four equations in (21) and (22) leads to

friae + by — (@ — ¢) (v fi1faa — nv) — 2b(ny fo2 + v f11) =0, (81)
fiibe +nee — faocy + (a — c)v fir + 2b(ny — v fi1faz — pfa2) = 0. (82)

If k > 3, differentiating (81) and (82) with respect to zx_2, and then dividing by faz ., —2 # 0,
leads to

(=2bf11 + (a— )n) f’; 2 = o ((a o) fu + 2b), (83)
((a=c)fu +2b77)f1;:# = 2byfi1 + ¢z + 2bp). (84)

Observe that —2bf11 + (a —c¢)n and (a —c) f11 +2bn cannot vanish simultaneously, since fi; ,, # 0
and (a — ¢)? + b? # 0. Therefore, from (83) and (84) we get

A(a = ) + 452 £ + [2bny(a — ¢) + 2b(c, + 2bw)] fu1 + 490%n? — na — ¢)(c, + 2bu) = 0.

Differentiating twice with respect to zo leads to v = 0 and ¢, + 2by = 0. Hence, (81) and (82)
reduce to

fiibe +mee + [(a = ) fi1 + 2bnjv = 0, (85)
fiiar +nby + [*21)]011 + (a - 0)17]1/ =0. (86)
It follows from these equations that v depends at most on zy and
—[20b; + (a — ¢)ae) fH — 2bn(ce + ar) fr1 +1°[(a — ¢)er — 2bb;] = 0.

Therefore  2bb; + (a — ¢)ay = b(er +at) = (a—c¢)ey — 2bby = 0. If b = 0, then a; = 0 and hence
¢t=0. If b # 0, then ¢; + a; = 0 and using the derivative of the Gauss equation (13), we get that
(a — ¢)er — 2bby = —2a4(a — ¢) = 0. If either a; = 0 or a — ¢ = 0, we get a; = ¢; = 0. Hence, for
any b, we have that a and ¢ do not depend on ¢. It follows from the Gauss equation that b also
does not depend on t. Therefore (81) and (82) reduce to

( nv —fnz/)(a—c)>_0
fuvy  nu 2b -

Since a — ¢ and b cannot vanish simultaneously, the determinant v?(n? + f2) = 0. hence v = 0.
The above analysis implies that f3; = p # 0, fso = 0, H = fi1fi1,2, and L = —pfi1 .
Therefore, (70) reduces to

(1 — f2)(nfr12 — faafi1) = 0.

Differentiating with respect to z,_1, we get a contradiction since (u? — %) f12.2,_, # 0.

If & = 2, the proof of this proposition was given in [14]. Finally, we conclude that for any
k > 2, whenever HL # 0, the system of equations (11), (12) and (13) is inconsistent. O
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